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MOVING BOUNDARY WORK

Moving boundary work (P dV work): Quasi-equilibrium process:

The expansion and compression work A process during which the system

in a piston-cylinder device. remains nearly in equilibrium at all
times.

oW, = Fds = PAds = P dV

W, is positive — for expansion

differential
amount ds.

2 W, is negative — for compression
W/_, — J P(!V (l&])
1
F The work associated :
: . The moving
1 with a moving boundary
boundary is called
| ﬂ A gas does a boundary work. ‘ n
l differential
A~ ds amount of work o _\_‘_ _______
}‘TTTTTT‘T‘ T oW, as it forces : :
the piston to | |
P move by a : GAS :
| |
| |
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The area under the process
curve on a P-V diagram
represents the boundary work.

Area=A=J

|

2 2
dA = J PdV
1

The boundary
work done
during a process
depends on the
path followed as
well as the end
states.

The net work done
during a cycle is the
difference between
the work done by
the system and the
work done on the
system.
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Boundary work for a constant-volume process

A rigid tank contains air at 500 kPa and 150°C. As a result of heat transfer

to the surroundings, the temperature and pressure inside the tank drop to
65°C and 400 kPa, respectively. Determine the boundary work done during

this process.

P, kPa 4
.'!'LIH. HEE... .q'[:H:] _______ —& I
P, = 500 kPa b
T, = 150°C I
Py =400 kFPa 400 f-————- — 2
T2 = 63°C

=



Boundary work for a constant-pressure process

A frictionless piston—ylinder device contains 10 Ibm of steam at 60 psia
and 320°F. Heat is now transferred to the steam until the temperature
reaches 400°F. If the piston is not attached to a shaft and its mass is con-
stant, determine the work done by the steam during this process.

P psia
I Fy= 6l psia 7
ol ———*+ - r
_ ' '
| |
HO 4 Heat | Area = w I
m = 10 Ibm | ML= W |
P =60 psia : :
I I
| | -

vy = T.4863 vy =B3548 v, f¥/Ibm



Polytropic, Isothermal, and Isobaric processes

P = CV ™" Polytropic process: C, n (polytropic exponent) constants

2 2 —n+1 —n+1 .
v, "™ =V P,V, — P,V
W, = J Py — J CU" dy = 22 1 _ Ve 1V Polytropic
| | —n + 1 | —n pProcess
mR(T, — T)
W, = Polytropic and for ideal gas

|l — n

2 2
v _
W, = J PdV = J CV'av = Pvm<2) Whenn =1
I | 1/ (isothermal process)

2 2
W, = J PdV = P, J dV = Py(V, — V1) Constant pressure process
| |

What is the boundary

work for a constant- . PVi=PVE

volume process? lﬂ |

[ PV" = const.
~ |
g |

Schematic and oA | [ 5

P-V diagram for | PV"=C = const. 1 !
a polytropic | | .
process. Vi i V7



Boundary work for a constant-pressure process

A piston—cylinder device contains 0.05 m? of a gas initially at 200 kPa. At
this state, a linear spring that has a spring constant of 150 kN/m is touching
the piston but exerting no force on it. Now heat is transferred to the gas,

causing the piston to rise and to compress the spring until the volume inside
the cylinder doubles. If the cross-sectional area of the piston| is 0.25 m?,

determine (3) the final pressure inside the cylinder, (b) the total work done by
the gas, and (c) the fraction of this work done against the spring to
compress it.

k=150 kN/m

/ P kPa
B |

320

2000 -

A=025m?

Py =200 kPa
v, = 0.05 m?

Heat
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ENERGY BALANCE FOR CLOSED SYSTEMS

Ein o Euul - A system (kl)
| , ' — Energy balance for any system
Net energy transfer Change in internal, Kinetic, ;
by heat, work, and mass potential, etc., energies undergomg any process
E. —E, =  dE o/ dt (kW)
. 111 (_.lll/ \ b \l .Ill/ ) Energy balance
Rate of net energy transfer Rate of change in internal, i
by heat, work, and mass Kinetic, potential, etc., energies In the rate form

The total quantities are related to the quantities per unit time is
Q=QAt, W=WAt and AE = (dE/dt)At (kJ)

ein T eout — Aexvxtem (kJ/kg) En.ergy balanc_e per
’ unit mass basis

Energy balance in
oF. — oE = dE .. or oe, — oe,, = de,,. _ )
n out system in out system differential form

: - Energy balance
W'let.m.lt = Qnet.in or WIE‘T.OUT — Qnet.in fOr a CyC|e

10



. o _ i - Q = Qnet,in = Qin o Qout
anl.in o W](rl.nul - AE»}:xlcm Ol Q- W= AE
W = Wnet,out o Wout o Wir

Energy balance when sign convention is used (i.e., heat input and work
output are positive; heat output and work input are negative).

P

1

General Q- W=AE

Stationary systems Q- W=AU

Per unit mass g—w = Ae

Differential form &g — ow = de

v Various forms of the first-law relation

For a cycle AE = 0, thus Q = W. for closgd systems when sign
convention is used.

The first law cannot be proven mathematically, but no process in nature is known
to have violated the first law, and this should be taken as sufficient proof.




Energy balance for a constant-pressure
expansion or compression process

General analysis for a closed system For a constant-pressure expansion
undergoing a quasi-equilibrium Or compression Process:
constant-pressure process. Q is to the
system and W is from the system. AU —|— Wb — AH
Ein o Enul - AE.ﬁ;}fslcm
Nclcncrgy transfer Change in internal, kinetic, An example Of ConStant_pressure proceSS
by heat, work, and mass potential, ete., energies
0 0 W,..— Qo — W, = AU
0 — W =AU+ AKE+ APE e e
0 — Wy — W, = U, — U, Wein = Qo = AH = m(h'z — hl)

P, kPat
Q — Woper — P()(Vz - Vl) = U, - U,

Q - vvulhcr = ((']2 + PQVE) — (UI + PIVI)

4 d+~ ————
H,O 300
Q - Wnlhcr — H2 o Hl m=25g
P, =P, =300 kPa
Sat. vapor

5 min

N0 =37K

out ~

12
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SPECIFIC HEATS

Specific heat at constant volume, c,: The energy required to raise
the temperature of the unit mass of a substance by one degree as

the volume is maintained constant.

Specific heat at constant pressure, c,: The energy required to raise
the temperature of the unit mass of a substance by one degree as

the pressure is maintained constant.

m=1kg
AT =1°C
Specific heat = 5 kJ/kg -°C

- Constant-
volume and
Skl constant-
Specific heat is the energy ~ Pressure specific
required to raise the heats c, and c,
temperature of a unit mass (values are for
of a substance by one helium gas).

degree in a specified way.

V = constant
m=1Kkg
AT= 1°C

i —

kg-°C

3.12 kJ

P = constant

m = 1kg
AT=11°C
¢, =3.19

kJ
kg-°C

5.19kJ

13



« The equations in the figure are valid for any substance undergoing any
process.

* ¢, and c, are properties.

* ¢, Is related to the changes in internal energy and c, to the changes in
enthalpy.

« A common unit for specific heats is kJ/kg - °C or kJ/kg - K. Are these units

identical?
o o
AIR AIR J
" :(@)
1%
m=1Kkg m=1Kkg aTV o
= the change in internal energy
300 2 301 K 1000 — 1001 K with temperature at
constant volume
> | ) | 3
Formal definitions of c, and c,,.
0.718 kJ 0.855 kJ 3 ¥
The specific heat of a substance A= (@)
changes with temperature. 7-\dT),
= the change in enthalpy with
True or False? temperature at constant

C, Is always greater than c,. pressure




INTERNAL ENERGY, ENTHALPY,
AND SPECIFIC HEATS OF IDEAL GASES

!

Thermometer h=u-+ Pv
h=u+ RT
Pv = RT
|
WATER u=u(T) h=h(T)
! du = c,(T)dT dh = c,(T) dT

Au=u, —u = J c,(T) dT
!

/ \

AIR Evacuated
(high pressure)
Joule showed
using this
experimental
apparatus that
u=u(T)

Ah

h2 — hl — J C/)(T) dTl
1

Internal energy and
enthalpy change of
an ideal gas

For ideal gases,
u, h, c,, and c,
vary with
temperature only.

15



At low pressures, all real gases approach
ideal-gas behavior, and therefore their
specific heats depend on temperature only.

The specific heats of real gases at low
pressures are called ideal-gas specific
heats, or zero-pressure specific heats, and
are often denoted c,, and c,,.

C

“p0
kJ/kmol - K

60

S0+

|Ideal-gas
constant-
pressure
specific heats
for some

Ar, He, Ne, Kr, Xe, Rn gases (see
=r Table A—2c

i ' 1 for c,
1000 2000 3000 .
Temperature, K equatlonS).

40}

30}

u and h data for a number of
gases have been tabulated.

These tables are obtained by
choosing an arbitrary reference
point and performing the
Integrations by treating state 1
as the reference state.

AIR

T, K u, kJ/kg h, kJ/kg
0 0 0

300 214.07 300.19
310 221.25 310.24

In the preparation of ideal-gas
tables, 0 K is chosen as the
reference temperature.

16



Internal energy and enthalpy change when o
specific heat is taken constant at an o
Approximation
average value
Uy — Uy = Cyave(lh — T) Actual ,
(kJ/kg) |
/12 o hl — C/J.ail\-'g (75 o 7] ) ST ] :
| | |
| | |
| | |
| ‘ |
| | |
| : |
| | .
Tl Tave T.'Z r
AIR For small temperature intervals, the
V= constant AIR specific heats may be assumed to vary
T, =20°C P = constant linearly with temperature.
0, |T,= 30°C 0, T, :200C
v o, =30C ¥ The relation A u = c, AT
Is valid for any kind of
A=ty AT Au=c,AT process, constant-
=7.18 kJ/kg = 7.18 kJ/kg Volume or not.

17



Three ways of calculating Au and Ah

1. By using the tabulated u and h data.
This is the easiest and most
accurate way when tables are
readily available.

l\d—‘—’
{

2. By using the c, or c, relations (Table
A-2c) as a function of temperature 2
and performing the integrations. This 2

AM=J
1

Au=u,—u, (table)

IS very inconvenient for hand c, (T)dT
calculations but quite desirable for
computerized calculations. The

results obtained are very accurate. Au = ¢ ayg AT
3. By using average specific heats.
This is very simple and certainly very | . &
convenient when property tables are
not available. The results obtained Three ways of calculating Au.

are reasonably accurate if the
temperature interval is not very
large.

18



Specific Heat Relations of Ideal Gases

h=uy+ RT * The relationship between c,, ¢, and R
dh = du + RdT | =—> = C, TR (kJ/kg - K)
dh=c,dT and du=cdT | On a molar basis
¢, =c, + R, (kJ/kmol - K)
AIR at 300 K I — “» Specific

¢ heat ratio
¢, =0.718 kI/kg - K v

R =0.287 ki/kg - K } ¢p = 100> KHkZERS

« The specific ratio varies with
temperature, but this variation is
very mild.

* For monatomic gases (helium,
argon, etc.), its value is essentially

or

¢, =20.80 kJ/kmol - K

¢, =29.114 kJ/kmol - K
R, =8.314 kJ/kmol - K !

constant at 1.667.

- Many diatomic gases, including air,
have a specific heat ratio of about
1.4 at room temperature.

The c, of an ideal gas can be
determined from a knowledge of
c, and R.

19



INTERNAL ENERGY, ENTHALPY, AND

SPECIFIC HEATS OF SOLIDS AND LIQUIDS

Incompressible substance: A substance whose specific volume
(or density) is constant. Solids and liquids are incompressible

substances.

LIQUID
Vv, = constant

SOLID
V, = constant

The specific volumes of
Incompressible substances
remain constant during a
process.

IRON
25°C

c=cCy=¢p

= 0.45 kJ/kg - °C

The ¢, and c, values of
Incompressible substances are
iIdentical and are denoted by c.

20
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FLOWWORK ANDTHE ~ =—
ENERGY OF A FLOWING FLUID :

Wilow ->

Flow work, or flow energy: The work (or energy)
required to push the mass into or out of the control
volume. This work is necessary for maintaining a
continuous flow through a control volume.

|
|
|
|
| CV
|
|
|
|

(e o —— —— —— — —

F = PA :
|
Wilow — Pv (lﬁ] / l\g) :
| CV
" R ——— - 5
/ | : (b) After entering
/- |
v I A
|
— P | H
F : | ﬁ
s | CV I F s
| | —>|_=_‘.‘_<_ P
|
/ -~ [ —| : —_— A—
| =
2 | | p
;‘E‘t‘f;“dry — 1 In the absence of acceleration, the force

applied on a fluid by a piston is equal to the

Schematic for flow work. force applied on the piston by the fluid.,,,



Total Energy of a Flowing Fluid
2 The flow energy is
¢e=u+ke+pe=u-+ S + g7 (kJ/kg)  automatically taken
< care of by enthalpy.
6 = Pv + e = Pv + (u -+ ke -+ pe) h:u+PV |nf§Ct,thISISthe
main reason for
V2 defining the
O =h+ke +pe=h-+ Py + ¢z (kJ/kg)  property enthalpy.

Kinetic Kinetic
energy energy energy

Flowin
Nonflowing ¢ = y o L +gz ﬂu,-dg @=Pv +u+ —+ 2z

fluid
Internal :
Internal Potential — Potential
energy energy energy

The total energy consists of three parts for a nonflowing fluid and four parts for a
flowing fluid. 23




Energy Transport by Mass

‘ | V?
Amount of energy transport: E . = ml = m(/’z Rt g ¢ (kJ)

-

‘ : L V?
Rate of energy transport:  E ., = ml = n:(h +t o+ g:) (kW)

e

Ilf ___________ When the kinetic and potential energies
. | CV of a fluid stream are r’IegllglbIe
mi’kg/s | ’ m 0 Emass = mh Emass = mh
0.kJ/kg (K \lN ;

When the properties of the mass at

as well as over the cross section

I

I

I . . ) .

| each inlet or exit change with time
I

I

I

- : =
¢ - Ein‘m:m — ‘ Hi 8-}”;‘ - ‘ (h; + T + g:;) (3.?”‘;
The product M,&, is the energy 2

transported into control volume by

mass per unit time. o



ENERGY ANALYSIS OF STEADY-FLOW
SYSTEMS

V& V&
Qnet,in +Wshaft,net,in = Zm(h + 7 + gZ] - Zm[h + 7 + gzj

out

* For steady flow, time rate of change of the
energy content of the CV Is zero.

» This equation states: the net rate of energy
transfer to a CV by heat and work transfers
during steady flow is equal to the difference
between the rates of outgoing and incoming
energy flows with mass.



ENERGY ANALYSIS OF STEADY-FLOW
SYSTEMS [

T T Control

volume

mcy = constant

Ey = constant

Under steady-flow conditions, the mass
and energy contents of a control volume
remain constant.

Many engineering systems such - —I:_ L rfzz
as power plants operate under & | /:”—’ h
steady conditions. hy _\}\‘ | :
| Control |
Under steady-flow conditions, | volume |
the fluid properties at an inlet : —
or exit remain constant (do not | e 3
change with time). [ R PR — h,




Mass and Energy balances - Electric

loss Q [ heating
i ou
for a steady-flow process . M clement
my = m; ' W
_I| mn
L] L] I
m = En k N ==
PR 1 (kg/s) water |
in out ot | :
. . : CV |
nm, = m, Mass A water | (Hot-water tank) :_ #
i I
. balance heater in | N ———
prlAl — p2V2A2 I S J— Cold
Ste_ady water
operation. in
o O (steady)
Ener  _ _ _
b | gy E in E out T dE system/ dt T O
alance Rate of net energy transfer Rate of change ig internal, kinetic,
by heat, work, and mass potential, etc., energies
E in - E out (kW)
Rate of net energy transfer in Rate of net energy transfer out
by heat, work, and mass by heat, work, and mass
) 2
. . | V2 . . | V2
Qi + Wy + X t| 1+ 5 T82) = Qou T Wou D\ b+ o &
in : out :

for each inlet for each exit



Energy balance relations with sign conventions
(i.e., heat input and work output are positive)

L V: V:
0—- W= Er}z(h + By + gz) — Zrh(h + 5 + gz)

out in

for each exit for each inlet

.. Vi— Vi 2 2
Q—W=m|h, — h + “2 + g(z — 21)
R J Nm _ m) m _ m?
vi- Vi —=—=(kgz)k =
qg—w=h,— h +T+8(32_31) kg g S g S
qg—w=h—h g=0m w= W 5
L . Btu _ ft
when kinetic and potential energy (Also, - 25,037 —3)
changes are negligible > :
%, &
Some energy unit equivalents

: shaft work and electrical
| work are the only forms of

S S e = O Sy = S S L ———— RE——

———
_\/W\/\J C : Under steady operation,
)

: work a simple compressible
Wan system may involve. %




SOME STEADY-FLOW ENGINEERING DEVICES

Many engineering devices operate essentially under the same conditions

for long periods of time. The components of a steam power plant (turbines,
compressors, heat exchangers, and pumps), for example, operate nonstop for
months before the system is shut down for maintenance. Therefore, these
devices can be conveniently analyzed as steady-flow devices.

. 5-Stage
Combustor &
& e LPC Bleed Low Pressure
J-sSlage Air Collector Fuel System [ 2_gage Turbine
Low Pressure 14-Stage Manifolds High Pressure
Clj)Png:prcssor High Pressure Turbine
( ) Compressor
Cold End L OF Eaid

Drive Flange sy, Drive Flange

A modern land-based gas turbine used for electric power
production. This is a General Electric LM5000 turbine. It
has a length of 6.2 m, it weighs 12.5 tons, and produces
55.2 MW at 3600 rpm with steam injection.

Vi V,  Ake
m/s m/s Kkl/kg
0 45 |
50 67 |
100 110 |
200 205 1
500 502 1

At very high velocities,
even small changes in
velocities can cause
significant changes in
the kinetic energy of the
fluid.

29




Nozzles and Diffusers

= o
/
/
/
/
/
/
/
/
/
/
/

R

V, —— Nozzle ———=V, >V,
| |
| I
[ _ i 2
|/
l _— e
=== |
g 1
/
| |
| . |
V, —— Diffuser —+=V, KV,

—

~
e
~
~

/

/
P SO,

Nozzles and diffusers are
shaped so that they cause large
changes in fluid velocities and
thus kinetic energies.

Nozzles and diffusers are commonly
utilized in jet engines, rockets,
spacecraft, and even garden hoses.

Anozzle is a device that increases
the velocity of a fluid at the expense
of pressure.

A diffuser Is a device that increases
the pressure of a fluid by slowing it
down.

The cross-sectional area of a nozzle
decreases in the flow direction for
subsonic flows and increases for
supersonic flows. The reverse is true
for diffusers.

Energy Ein — Eout
balance for - -
. Vi . V3
a nozzle or | h, + — m\ h, + —
diffuser: 2 2

(since Q = 0, W = 0, and Ape = 0)

)

30




Turbines and
Compressors

Gour = 16 KI/kg
.y P, = 600 kPa

|
o \Ij L »=400 K
T

AIR
m = 0.02 kg/s

—

P, = 100 kPa
T,=280 K

l’/l

Energy balance for the
compressor in this figure:

Ein — Eout

.+ mh, = Q,, + mh,

(since Ake = Ape = 0)

Turbine drives the electric generator In
steam, gas, or hydroelectric power plants.

As the fluid passes through the turbine,
work is done against the blades, which
are attached to the shaft. As a result, the
shaft rotates, and the turbine produces
work.

Compressors, as well as pumps and
fans, are devices used to increase the
pressure of a fluid. Work is supplied to
these devices from an external source
through a rotating shatft.

A fan increases the pressure of a gas
slightly and is mainly used to mobilize a
gas.

A compressor is capable of compressing
the gas to very high pressures.

Pumps work very much like compressors
except that they handle liquids instead of
gases.

31



- Throttling valves are any kind of flow-restricting devices
Th I'Ottl In g valves that cause a significant pressure drop in the fluid.

T What is the difference between a turbine and a
X throttling valve?

The pressure drop in the fluid is often accompanied by a
large drop in temperature, and for that reason throttling
devices are commonly used in refrigeration and air-

m conditioning applications.

(b) A porous plug Energy /1, = h
balance u, + Pyvy = u, + P,v,

(a) An adjustable valve

Internal energy + Flow energy = Constant
(c) A capillary tube

Throttling Throttling
valve valve
—_ T

uy =94.79 kJ/kg u, =88.79 kl/kg
IDEAL T, T,=T, P v, =0.68 kJ/kg P,v, = 6.68 kJ/kg
GAS h, hy=h, (hy =95.47 kJ/kg) (h, =95.47 kl/kg

During a throttling process, the enthalpy
The temperature of an ideal gas does of a fluid remains constant. But internal
not change during a throttling and flow energies may be converted to
(h = constant) process since h = h(T). each other.

32



Mixing chambers

In engineering applications, the section
where the mixing process takes place is
commonly referred to as a mixing

chamber.
%\
\
\
N
/
= Cold
water
Hot T-elbow
Water

The T-elbow of an ordinary shower
serves as the mixing chamber for the
hot- and the cold-water streams.

T, = 60°C
my
\ mll 1
____§ ,
o Mixing | L
! chamber |
| |
—' p=140kPa [~
/ .- _____
T,=10°C Ty= 43°C
”.12 /7.73
Energy balance for the
adiabatic mixing chamber in
the figure is:
Ein — Eout

(since Q = 0, W = 0, ke = pe = 0)

33



Heat exchangers

Heat exchangers are

devices where two moving

fluid streams exchange heat

without mixing. Heat

exchangers are widely used
in various industries, and

they come in various
designs.

Fluid B CV boundary Fluid B CV boundary

L/ \

e e oo e o F e S e e

D —p——

(a) System: Entire heat (b) System: Fluid A (Qcy # 0)
exchanger (Qcy =0)

The heat transfer associated with a heat
exchanger may be zero or nonzero depending on

F‘7‘3§CB how the control volume is selected.
| Water
\ Mass and energy 50
Heat balances for the adiabatic 300 kPa
\ : heat exchanger in the ©
50°C <+— Fluid A . . R-134a |/|_
» 20°C figure is: ® el
Heat it
. _ . _ . 7OOC
I\ my = My = Myl vpa
" Fh3 — Fh4 — I’hR @,
35 C - - I 350C
A heat exchanger E, = Ey '|{[
can be as simple as [ : : : ©)
S mh, + mszhy; = m>h, + msh
two concentric pipes. 17" 3773 2772 404 25°C




Pipe and duct fow b |

The transport of liquids or gases in s B S I - G
pipes and ducts is of great importance : ]
In many engineering applications. Eloyv . |
through a pipe or a duct usually satisfies L 1

the steady-flow conditions.

Wsh
Surroundings 20°C Oout Pipe or duct flow may involve more than
| one form of work at the same time.
=T T ., |
| 70°C |
_:—> Hot fluid _:* Qou = Z?—O—VY ————— -
D T ! Energy balance Wl . _, i
Heat losses from for the pipe flow | — | -
a hot fluid shown'in the : |
flowing through : : figure is | | W, . =15kwW
an uninsulated E.=E, T
pipe or duct to , . , . | 5 s TG e
the cooler We,in + mh, = Q. + mh, b1 .
environment '~~—~—T——~—J
may be very em Qout — I’;’le(Tz - T]) V, = 150 m*/min
significant.
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ENERGY ANALYSIS OF STEADY-FLOW
SYSTEMS

* For single-stream

(,+ﬁg) devices, mass flow rate
2 s
- \ .
\{if | is constant.
N
~N
G% Fixed \
4 control \ V22 _V12
‘\ volume /' qnet,in + Wshaft,net,in — h2 - hl + T +0 (22 _ Zl)
= i // Pl V12 _ P2 V22
Out///‘ > \ Wshaft,net,in +;1+7+ gzl _,0_2—'_7—'_ gZZ +(U2 _ul_qnet,in)
Qne in i Wshaf , netin
V2 | " ﬂ+Vi+gzl+w :—2+—22+gzz+wt bine T €ocn |
i (/’1. ) P 2 pump 0, 2 urbine mech,loss

2
+—=+ 97
2 822

2



ENERGY ANALYSIS OF STEADY-FLOW
SYSTEMS

» Divide by g to get each term in units of length

i +V12+z +h ¥ +V22
/9 29 g 2g

+ ZZ + hturbine + hL

« Magnitude of each term is now expressed as an
equivalent column height of fluid, i.e., Head

Control volume Wibine




The Bernoulli Equation

* If we neglect piping losses, and have a system without pumps
or turbines

alcady Tow along a siream il'li'.‘
Steady flow along a streaml
AN

e

(P+dPydA -~

2 2
i +V1 +2,= i +V2
29 29 p£,9 29

ds + Z 2

dz

dx

-

* This is the Bernoulli equation

* It can also be derived using Newton's second law of motion
(see text, p. 187).

- 3 terms correspond to: Static, dynamic, and hydrostatic head
(or pressure).



HGL and EGL

It is often convenient to plot

0 SN mechanical energy
e[| graphically using heights.
S 4\ - Hydraulic Grade Line
Bl ey A (piezometric high)
. L' Diffuser BE HGL = 7
L _ v yArbitraryreference plane (z = 0) PY

* Energy Grade Line (or total
pressure)

2
EGL=i+V—+Z

P9 29

N ” . p -
~—1 presion estatica

Sondas de presion: a) piezometro; b) sonda pitot: ¢) sonda pitot estitica.

Presion d"e'estancamiento

P+ V%2 =P,



The Bernoulli Equation

« The Bernoulli equation
IS an approximate relation
Bernoulli equation valid between pressure,

— velocity, and elevation
&E and is valid in regions of
‘m steady, incompressible

e N flow where net frictional
A —

S — forces are negligible.

\V% g
Bernoulli equation not valid . Equation is useful in flow

regions outside of
boundary layers and
wakes.



The Bernoulli Equation

 Limitations on the use of the Bernoulli Equation

v’ Steady flow: d/dt =0
v Frictionless flow
v"No shaft work: Wy, =Wy pine=0

v Incompressible flow: p = constant
v"No heat transfer: Q,q;,=0

v Applied along a streamline (except for irrotational
flow)



NUMERO DE REYNOLDS,
TIPOS DE FLUJOS Y
PERDIDAS DE ENERGIA



Types of flows

 External Flow:

Flow over bodies that are immersed in a fluid, whit emphasis on the
resulting lift and drag forces.

‘ u,;;' .................. i. <y ST 5
* T — = <
_,' g
—_—
\
S
\ \ \ ”'@"«\
o - |
'S \ \ =1

|
BEERE] |
AFSEIEE




Types of flows

* |Internal Flow:

Liquids or gas flow through pipes or ducts is commonly used in heating

and cooling applications and fluid distribution networks. These can be
classified in:

Turbulent flow:

v'Is always unsteady, because there are
always random, swirling motions (vortices or
eddies). However, a turbulent flow can be
steady in the mean.

v'Is always three-dimensional. However, a
turbulent flow can be 1D and 2D in the mean
v'"No analytical solutions exist!

v'Occurs at high Reynolds number

Dye trace

—_— _-"
o M

Dye trace

Dwye injection Dye injection



Laminar and Turbulent Flows

Definition of Reynolds number

Critical Reynolds number
(Re,,) for flow in a round pipe
Re < 2300 = laminar
2300 = Re <4000 = transitional
Re > 4000 = turbulent

Note that these values are
approximate.

For a given application, Recr
depends upon

v" Pipe roughness
v Vibrations

v Upstream fluctuations,
disturbances (valves, elbows, etc.
that may disturb the flow)



Laminar and Turbulent Flows

Circular tube:

4(wD?/4)
Dlz = oD =

D

Square duct: a

_4a?

B _461 =d

Rectangular duct. ||9

b

_ 4ab _ 2ab
h™2@+b) a+b

* For non-round pipes, define the
hydraulic diameter
D, = 4A_P

A, = cross-section area

P = wetted perimeter

0.2 m/s

-___ oy

« Example: open channel . .
A.=0.15*0.4 = 0.06m?
P=0.15+0.15+0.5=0.8m

Don’t count free surface, since it does not
contribute to friction along pipe walls!

D, = 4A P = 4*0.06/0.8 = 0.3m

What does it mean? This channel flow is

equivalent to a round pipe of diameter
0.3m (approximately).




Fully Developed Pipe Flow

« Comparison of laminar and turbulent flow

There are some major differences between laminar and
turbulent fully developed pipe flows

Laminar /
« Can solve exactly (Chapter 9) I —— :
 Flow is steady A ! :’ ______ 'j_;__
 Velocity profile is parabolic l — . > 0 L

* Pipe roughness not important

It turns out that V,,, = 1/2U,, and u(r)= 2V,,(1 - r?/R?)



Fully Developed Pipe Flow

Turbulent

Cannot solve exactly (too complex)
Flow is unsteady (3D swirling eddies), but it is steady in the mean

Mean velocity profile is fuller (shape more like a top-hat profile, with very
sharp slope at the wall)

Pipe roughness is very important

r -~ Instantaneous
profiles

0

u(r)

Vavg 89% of Uy, (depends on Re a bit)

No analytical solution, but there are some good semi-empirical expressions
that approximate the velocity profile shape. See text
Logarithmic law (Eg. 8-46)

Power law (Eg. 8-49)



Ejemplo:

|dentify if the flow is laminar or turbulent. flowing water to 30°C and d = 2 in,
D =5 in, and the velocity is 1.2 m/s.

49



Ejemplo:

The figure show a heat exchanger flowing water to 20°C through the two
pipes to velocity of 50 cm/s. Identify if the flow is laminar or turbulent

/Y- Tuberias de 6 pulg
1/

A |

i
/ / 4 —
/ ’
£ — 200 mm
/ /] |
/ /] !
l" /1 / £ 4 - / 4 L / )— -
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example

Consider a river flowing toward a lake at an average
velocity of 3 m/s at a rate of 500 m3/s at a location 90 m
above the lake surface. Determine the total mechanical
energy of the river water per unit mass and the power
generation potential of the entire river at that location.

RIVer s 1 m/s

00 m

3-6
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Example:

In a hydroelectric power
plant, 120 m3/s of water
flows from an elevation of
100 m to a turbine, where

electric power S |

generated. The overall
efficiency of the turbine—
generator iIs 80 percent.
Disregarding frictional
losses In piping, estimate
the electric power output
of this plant.

3-6

Generator Tu rbine \

= o
Til |_'|_||'|_'!]_'||_'\-\_.__-\-|_|r_ - E':::I FF




Example:

A garden hose attached with a nozzle is used to fill a 20-gal
bucket. The inner diameter of the hose i1s 1 in and it reduces

to 0.5 in at the nozzle exit. If the average velocity in the hose
IS 8 ft/s, determine:

(a) the volume and mass flow rates of water through the
hose

(b) how long it will take to fill the bucket with water, and
(c) the average velocity of water at the nozzle exit.



Example:

A well-insulated rigid tank contains 5 kg of a
saturated liquid—vapor mixture of water at 100 kPa. Initially,
three-quarters of the mass i1s in the liquid phase. An electric
resistor placed in the tank is connected to a 110-V source,
and a current of 8 A flows through the resistor when the
switch 1s turned on. Determine how long it will take to vapor-
ize all the liqud in the tank. Also, show the process on a T-v
diagram with respect to saturation lines.

H,0

\/ = constant




Quiz:

Consider a 300-L storage tank of a solar water heat-
ing system initially filled with warm water at 45°C.
Warm water i1s withdrawn from the tank through a 2-cm

diameter hose at an average velocity of 0.5 m/s while cold
water enters the tank at 20°C at a rate of 5 L/min. Determine

the amount of water in the tank after a 20-minute period.
Assume the pressure in the tank remains constant at 1 atm.

Cold water
20°C —_—
5 L/min
300 L
45°C
. Warm water
45°C

0.5 m/s



Example:

The liquid in the Figure has a s = 0,85. Estimate the flow rate
from the tank for a) no losses and b) pipe losses
h, = 4.5V?/(29).

Auar:
p = 20 |bf/in- abs
vz, p. = 14.7 Ibffin? abs
> 1 D=1in
v _r_ 1




Example:

Air enters an adiabatic nozzle steadily at 300 kPa, 200°C, and
30 m/s and leaves at 100 kPa and 180 m/s. The inlet area of
the nozzle is 80 cm?2. Determine:

(a) the mass flow rate through the nozzle,
(b) the exit temperature of the air, and
(c) the exit area of the nozzle

P, =300kPa

!l 200°C AlIR P,=100kPa
I
I

=30 m.-".a'ﬂ Vo= 180 m/s



Example:

A hot-water stream at 80°C enters a mixing chamber with a
mass flow rate of 0.5 kg/s where it is mixed with a stream of
cold water at 20°C. If it is desired that the mixture leave the
chamber at 42°C, determine the mass flow rate of the cold-

water stream. Assume all the streams are at a pressure of
250 kPa.

H,O
(P =250 kPa)

Ty =42°C




Example:

An oill pump iIs drawing 35 kW of electric power while
pumping oil with p=860 kg/m? at a rate of 0.15m3/s. The inlet
and outlet diameters of the pipe are 8 cm and 12 cm,
respectively. If the pressure rise of oil in the pump Iis

measured to be 450kPa and the motor efficiency is 80%,
determine the mechanical efficiency of the pump.




MOMENTUM ANALYSIS



NEWTON'S LAWS

Newton’s laws: Relations between motions of bodies and the forces
acting on them.

Newton’s first law: A body at rest remains at rest, and a body in
motion remains in motion at the same velocity in a straight path when
the net force acting on it is zero.

Therefore, a body tends to preserve its state of inertia.

Newton’s second law: The acceleration of a body is proportional to
the net force acting on it and is inversely proportional to its mass.

Newton'’s third law: When a body exerts a force on a second body,
the second body exerts an equal and opposite force on the first.

Therefore, the direction of an exposed reaction force depends on the
body taken as the system.

— —
, 1 - . dV — dimV)
Newton's second law: F=ma=m =
dt dt

61



Linear momentum or just the momentum of the body: The product of
the mass and the velocity of a body.
Newton’s second law is usually referred to as the linear momentum

equation.

ot}

=
mV

Linear momentum is the
product of mass and velocity,
and its direction is the
direction of velocity.

Conservation of momentum principle: The
momentum of a system remains constant
only when the net force acting on it is zero.

Net force

F=md=m df} = d(m?)

dt dt

Rate of change
of momentum

Newton’s second law is also
expressed as the rate of change of
the momentum of a body is equal
to the net force acting on it. 62



The counterpart of Newton's second law for rotating rigid bodies is
expressed as M = Ia, where M is the net moment or torque applied on the
body, I is the moment of inertia of the body about the axis of rotation, and a
is the angular acceleration. It can also be expressed in terms of the rate of
change of angular momentum dH /dt as

N —
_ — . dow dfw) dH
Angular momentum equation: M=la=1 = = (13-2)
dt dt di
: dw, dH,
Angular momentum about x-axis: M,=1, g
(l dr

The conservation of angular momentum
Principle: The total angular momentum of a
rotating body remains constant when the
net torque acting on it is zero, and thus the
angular momentum of such systems is .
conserved. M=lg=1—==—"=—

i _ did) _ dH

The rate of change of the angular
momentum of a body is equal to SR TR

: . of angular momentum
the net torque acting on it. |




CHOOSING A CONTROL VOLUME

A control volume can be selected as any arbitrary
region in space through which fluid flows, and its

bounding control surface can be fixed, moving, and

even deforming during flow.

Many flow systems involve stationary hardware firmly
fixed to a stationary surface, and such systems are
best analyzed using fixed control volumes.

When analyzing flow systems that are moving or
deforming, it is usually more convenient to allow the

control volume to move or deform.

In deforming control volume, part of the control

surface moves relative to other parts.

Fixed control volume

{a)

Deforming
control volume

(c)

I _________ __}_—1
cv |
I -— I
| /|
I I | =
_ C g Y
I e [ e Ei: ---------- TTEgreT -:_,.-_—E:::TJ—F
| |
I |
| Movine control v -
oving control volume
_—__‘-_h ______ J L.ll.r-
Ecv S
X -
— v 64



FORCES ACTING ON A CONTROL VOLUME

The forces acting on a control volume consist of

body forces that act throughout the entire body of the control volume (such as
gravity, electric, and magnetic forces) and

surface forces that act on the control surface (such as pressure and viscous
forces and reaction forces at points of contact).

Only external forces are considered in the analysis.

Total force acting on control volume: E = Z | Z F curface

Control volume (CV) — l

— — II."I
e
- /

A
dA K The total force acting on a control

.l"'-"'"-l---—l!—--.“

f o 7 volume is composed of body forces
;. “hwmee  gnd surface forces; body force is
N o shown on a differential volume

l"'*--"’“ﬁ..__#’*

element, and surface force is shown

Control surface (CS) — on a differential surface element.

65



The most common body force is that of gravity, which exerts a downward force
on every differential element of the control volume.

_:..
— . . . . —
Gravitational force acting on a fluid element: dF gaviy = pg dV

_}
Gravitational vector in Cartesian coordinates: g=—gk

IJ.E f!u = .F."F['x.'l_{?

é
Total body force acting on control volume: 2 Frogy =
‘ov

Total force: >, F = D Fypiy + 2 F
l— F -
total force body force aurface forces

dy

e F D Frivoons + S F
pressurg ViSCOus —d |||1._|

Surface forces are not as simple to
analyze since they consist of both normal
d- g and tangential components.
dv,p Normal stresses are composed of
-} - JE. pressure (which always acts inwardly
i s normal) and viscous stresses.
le Shear stresses are composed entirely of

dflmd}- = df — pgdb’ VISCOUS Sstresses.

gravity

] The gravitational force acting on a differential
!

A

=

- volume element of fluid is equal to its weight; the

X, 1 acts downward in the negative z-direction.

axes have been rotated so that the gravity vector

66



A common simplification in the application of Newton’s laws of motion is to
subtract the atmospheric pressure and work with gage pressures.

This is because atmospheric pressure acts in all directions, and its effect cancels
out in every direction.
This means we can also ignore the pressure forces at outlet sections where the

fluid is discharged to the atmosphere since the discharge pressure in such cases
IS very near atmospheric pressure at subsonic velocities.

""F__R..“‘x_ﬁ Bolts _‘»._ y
Sl
:f ? [y =i
=P (zage) E::
With atmospheric With atmospheric 7

pressure considered pressure cancelled out ‘
Atmospheric pressure acts in all

directions, and thus it can be ignored v
when performing force balances since Cross section through a faucet

its effect cancels out in every direction. assembly, illustrating the importance of
choosing a control volume wisely; CV B

IS much easier to work with than CV A.
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THE LINEAR MOMENTUM EQUATION

Newton’s second law for a system of mass m subjected to a net force F 1s
expressed from Eq. 14-1 as
_:|.
" A VA R
2 F=ma=m—=—(mV) (13-9)
dt drt
%‘ - - &l L]

where mV is the linear momentum of the system. Noting that both the den-
sity and velocity may change from point to point within the system, Newton’s
second law can be expressed more generally as

— 1 [ —
S F = ‘—J pV dV (13-10)
dt aye

where pV dV i1s the momentum of a differential element dV/, which has mass
om = pd\/.

Newton’s second law can be stated as the sum of all external forces acting on a
system is equal to the time rate of change of linear momentum of the system. This
statement is valid for a coordinate system that is at rest or moves with a constant

velocity, called an inertial coordinate system or inertial reference frame.
68



dmVyy, d |
s

Jr;ﬁdb’-l— J p‘r_’:(‘r_}’}*ﬁ)dﬂ

dt (Y C5
) = d [ = ==
General: N F=— pV dV + pV(V_ -n)dA S - —
~ dt |, - | V.=V-V
“CV “CS r C5
The sum of all The time rate of change The net flow rate of
external forces | = | of the linear momentum | + | linear momentum out of the
acting on a CV of the contents of the CV control surface by mass flow
o Zod [ = ==
Fixed CV: S F=2 pvw+1fwwqmm
s
dr Iy Ics

dB

S¥E d —
- =?J ob d\/ +j pb( , + W dA
! ! v Cs
F‘g:”””' b=V b=V The linear momentum equation
l is obtained by replacing B in
b y

. the Reynolds transport theorem by
dimV)yys iJ oV dv +I VB da the momentum mV, and b by the
F .
dt ar Joy s momentum per unit mass V.
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(Pressure
force)

The momentum equation is
commonly used to calculate the

t(RLdumn force) forces (usually on support
systems or connectors) induced
An 180° elbow supported by the ground by the flow.
—s ! [ — i — =
[n most flow systems, the sumof > F = {Tr || pV dV + || pV(V - i) dA
forces F consists of w eights, ey ‘cs

pressure forces, and reaction forces.
Gage pressures are used here since
atmospheric pressure cancels out on

all sides of the control surface. "



SF= J pV (V,-iyda Steady Special Cases
cs flow

,ri,-r:J pﬂ;' nydA. = pV,,.A. Mass flow rate across
A, an inlet or outlet

I — —
J OV(V - )dA, = pVig AcV g = 1itVay, MOMENtum flow rate across
a uniform inlet or outlet:

A,
= — T ~\\'::ll.][
fﬂg,‘b’rm-g_j l*lf ? m 3» :ng
N >\
P Fixed N
Ve control \
, [ : i '
[ volume In a typical engineering

I% ol problem, the control volume

may contain many inlets and

1ty V., ave,| Out7/7 i\& outlets; at each inlet or outlet
Out '

tits ¥ we define the mass flow rate
ity aved and the average velocity.

ug":-
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1 CV

Nozzle P

I—.- ri
— avg
L.
\
A
b

e

(a) (€)
(b)
Examples of inlets or outlets in which the uniform flow
approximation is reasonable:
(a) the well-rounded entrance to a pipe,
(b) the entrance to a wind tunnel test section, and
(c) a slice through a free water jet in air.
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Momentum-Flux Correction Factor, S

The velocity across most inlets and outlets is not uniform.

The control surface integral of Eq. 13—-13 may be converted into algebraic form using
a dimensionless correction factor g, called the momentum-flux correction factor.

— | ==
" | pV dV + | pV(V - n)dA (13_13)
o “CS

EE:{TJ‘ ( Jrﬂ d\V + EI_JH.'H — EIUHJTH
el L

i oV ot I

. = = .
Momentum flux across an inlet or outlet: pV(V -n)dA, = BmV,,

TA,

- Ny Lo Is always greater than or equal to 1.
V(V - ii)dA. V(V -iiydA, P1S@
Jq pYLY ) aa ) pYLY = n)da, Sis close to 1 for turbulent flow and
p=— = — ; not very close to 1 for fully developed
MV g PVave AcVay laminar flow.

avg

i & - i
| V 2
Momentum-flux correction factor: 3= j._ ( (— dA.

73



Steady Flow

Steady linear momentum equation: E b= E pmV — E pmV

OulL 1n
The net force acting on the control volume during steady flow is equal to the
difference between the rates of outgoing and incoming momentum flows.

_ - \tﬁlut

BamaVs < In I--' > By,
\ -
\ | ~ .
P Fixed \
/ control

volume
In /s
5’ <

Hlmlﬁ Out ///\‘ — \i .
v Glh - _ 2 F The net force acting on the control

S=sV= - / . .

Psfits's B4V volume during steady flow is equal to
S F=YpmvV — Y BV the difference between the outgoing

out in and the incoming momentum fluxes.
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Steady Flow with One Inlet and One Outlet

S_ - pvu _ pyv, Oneinletand
2, 1= B2 = BVD one outlet

Along x-
coordinate

S Fo=m(ByVs o — BV

Fixed ™
/ control
\ volume !
7
-~

\
- g
Dut{//@"’ ‘\ZF

,BEJ'}‘.I Vg
XF = (ByVs - BiV)

A control volume with only one
inlet and one outlet.

BymV, Water flow CS
N S ~
A = —
Bgm Vs

/ . T
Fe / BV,
.r"f; IHI‘I: \\\:-.
R
BamVs

T e 117 g
Note: V, = Vi even if [V, = V]

The determination by vector
addition of the reaction force on
the support caused by a change
of direction of water.
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Flow with No External Forces

d[m‘;’}) N N
No external forces: 0 = o = 2 pmV — 2 BmV
out in

In the absence of external forces, the rate of change of the
momentum of a control volume is equal to the difference between

the rates of incoming and outgoing momentum flow rates.

d(mV) ey dVey .
Jr = mC‘.VT = (ma Jov = Moy

— = .=
Finust = H?C"-.-’F = ZBH’IV o E,BFT?V

in ok

The thrust needed to lift the space
shuttle is generated by the rocket
engines as a result of momentum

change of the fuel as it is accelerated
from about zero to an exit speed of
about 2000 m/s after combustion.



Example:

A constant-velocity horizontal water jet from a sta-
tionary nozzle impinges normally on a vertical flat plate that
1s held in a nearly frictionless track. As the water jet hits the
plate, it begins to move due to the water force. Will the accel-
eration of the plate remain constant or change”? Explain.

-
Nozzle =t
H\‘--"».’*.*'ﬂtmf:r jet
A O ©




Example:

A 907 elbow 1s used to direct water flow at a rate of
25 kg/s in a horizontal pipe upward. The diameter of the
entire elbow i1s 10 cm. The elbow discharges water into the
atmosphere, and thus the pressure at the exit is the local
atmospheric pressure. The elevation difference between the
centers of the exit and the inlet of the elbow is 35 cm. The
weight of the elbow and the water in it 1s considered to be
negligible. Determine (a) the gage pressure at the center of
the inlet of the elbow and (/) the anchoring force needed to
hold the elbow in place. Take the momentum-flux correction

factor to be 1.03.

Water
25 kg/fs




Example:

Commercially available large wind turbines

have blade span diameters as large as 100 m and
generate over 3 MW of electric power at peak design condi-
tions. Consider a wind turbine with a 90-m blade span sub-
jected to 25-km/h steady winds. If the combined turbine—
generator efficiency of the wind turbine is 32 percent, deter-
mine (a) the power generated by the turbine and (b) the hori-
zontal force exerted by the wind on the supporting mast of
the turbine. Take the density of air to be 1.25 kg/m’, and dis-
regard frictional effects.

25 km/h

ERRRR




Example:

Water accelerated by a nozzle to 15 m/s strikes the
vertical back surface of a cart moving horizontally at a con-
stant velocity of 5 m/s in the flow direction. The mass flow
rate of water i1s 25 kg/s. After the strike, the water stream
splatters off in all directions in the plane of the back surface.
(a) Determine the force that needs to be applied on the
brakes of the cart to prevent it from accelerating. (b) If this
force were used to generate power instead of wasting it on
the brakes, determine the maximum amount of power that
can be generated.

o dmfs
15 m/s
—-
)
H‘*Waterjet

i O 2 ©




REVIEW OF ROTATIONAL MOTION AND
ANGULAR MOMENTUM

Rotational motion: A motion during
which all points in the body move in
circles about the axis of rotation.

Rotational motion is described with
angular quantities such as the
angular distance 6, angular velocity
@, and angular acceleration «.

Angular velocity: The angular
distance traveled per unit time.

Angular acceleration: The rate of
change of angular velocity.

do  dl/r) 1 dl V
= — - — e

dt dt r E o

]

T e e =

de 40 1dV_ aq The relations between angular
“Ta T a: rdt r distance 6, angular velocity o,

and linear velocity V.

V = rw and a, = oy
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* Newton’s second law requires that there must be a force acting in the
tangential direction to cause angular acceleration.

* The strength of the rotating effect, called the moment or torque, is proportional
to the magnitude of the force and its distance from the axis of rotation.

« The perpendicular distance from the axis of rotation to the line of action of the
force is called the moment arm, and the torque M acting on a point mass m at
a normal distance r from the axis of rotation is expressed as

i

M = rF, = rma, = mr e Torque Mass, m <> Moment of inertia, 7

r r Linear acceleration, a <+ Angular acceleration, «
M = ’ ria dm = { ’ r? ﬁm}f = Ja Linear velocity, V <= Angular velocity, w

' mass ' mass Linear mmmentmg < Angular momentum

mvV « I

| is the moment of inertia of the body
about the axis of rotation, which is a Force, F < Torque, M
measure of the inertia of a body F=md« M=1Id

Moment of force, M «—= Moment of momentum, H

against rotation. ree, 2 ent ot m
M=7FXFeH=7XmV

Unlike mass, the rotational inertia of
a body also depends on the
distribution of the mass of the body
with respect to the axis of rotation.

Analogy between corresponding
linear and angular quantities.
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CL L Angular momentum
H = ’ Fow om = ’ Feomlo = lw o

“mass “mass H = f{_ﬁ
H
S da dday  dH Angulgr momentum
M=lo=1]—=——=—-equation
'[-Illlll '[!lrlI {!|r|'
H=rmV 27N (rad/e) Angular velocity
W = rad/s)
= rmirw) 60 VEersus rpm
‘ = r’mw
=lw w = 27N

| (

L'IF'IS]-]LIT‘[ — If!_)llllr';', = _?FJ'LIL?

Angular momentum of point mass m The relations between angular
rotating at angular velocity o at velocity, rpm, and the power
distance r from the axis of rotation. transmitted through a shatft.
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i-irih,ﬂ[-[ = FV = Fro = Mw
H.'wh”“ = wM = 2mnM (W)  Shaft power
KE, =3lw” Rotational kinetic energy

During rotational motion, the direction of velocity changes even when its
magnitude remains constant. Velocity is a vector quantity, and thus a change
in direction constitutes a change in velocity with time, and thus acceleration.
This is called centripetal acceleration.

V2 i
a, =— = rw"

r
Centripetal acceleration is directed toward the axis of rotation (opposite direction of
radial acceleration), and thus the radial acceleration is negative. Centripetal
acceleration is the result of a force acting on an element of the body toward the
axis of rotation, known as the centripetal force, whose magnitude is F, = mV?/r.

Tangential and radial accelerations are perpendicular to each other, and
the total linear acceleration is determined by their vector sum:

i=a, +a

!
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THE ANGULAR MOMENTUM EQUATION

Many engineering problems involve the moment of the linear momentum of
flow streams, and the rotational effects caused by them.

Such problems are best analyzed by the angular momentum equation, also
called the moment of momentum equation.

An important class of fluid devices, called turbomachines, which include
centrifugal pumps, turbines, and fans, is analyzed by the angular
momentum equation.

\ A force whose line of .
Y M=F

\ > action passes through <F
A F point O produces zero
Fll'lll f:f . moment abOUt p0|nt O Sense of the
".H r siné moment
\ —
; ; A
D - . ) "__-r
ner:nj:m of H?\ (
rotation + [
Q/ ' o7
- H :\\“H-_ ) {
Jlﬁ = ? . ﬁ 0¥ F E—}
ml'\_:_,r F
M = Frsin@ The determination E—
L — f the direction of Axisof,
The moment of a force F' about a of the d rotation |

point O is the vector product of the the moment by the i
position vector 7 and F . right-hand rule. o



Moment of Moment of momentum
momentum (system)
H=7XmV Hy. = J (r X V)pdV
_ sYs
(IH e ' [ —
s _ d J (7 x V)pdv Rate of change of
dr—dt |, moment of momentum

Angular momentum
dH,,, equation for a system

M= dt Efﬁ = 2(? X F)

‘f"’rﬁ%}'ﬁ d J

(r X V)p dV + J (F X V)p(V, - i)dA

dt dt v s

E‘:’:% (r X \_’:}l,u d\/ +
al

‘ov ‘cs

General:

dBgy =
5YS =_r_fJ' pb dV o+ J. Ir:-b[l-’}.'f!]dﬂ

dr dt ov cs

L L L

-
Hsys = ij (FX Vip a”..f’+j (r % 1_-;3;,(1?- 1) dA
di di v cs

The angular momentum equation
is obtained by replacing B in the
Reynolds transport theorem by the
angular momentum H . and b by
the angular momentum per unit
mass ¥ X V.

— = AN
(r XV Jell i",- 1) dA

The net flow rate of

The sum of all The time rate of change
of the angular momentum | +

of the contents of the CV

external moments | =

acting on a CV

angu lar momentum

out of the control

surface by mass flow

Fixed CV:

Si=2|

- (r X V)pdV +
b Jey es

— -7 AN
(r X V)p(V - n)dA
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Special Cases

During steady flow, the amount of angular momentum within the control
volume remains constant, and thus the time rate of change of angular
momentum of the contents of the control volume is zero.

Steady flow: 2 M= (r X F}‘r;{ \jf. - 11) dA

C5

An approximate form of the angular momentum equation in terms of
average properties at inlets and outlets:

— f

d | - - — P - P
E M = {T | (r X | ':IIIrJ d\ + 2 rxmV — 2 roXom
H Jov Ll In
.H.-'{’[|'{."I'l.‘__.f.!-'l.-‘?'.1',‘ 2 _f — E |._ pod ,}1 T E ,u_ pd .":'17 VV
ut in

The net torque acting on the control volume during steady flow is equal to the
difference between the outgoing and incoming angular momentum flow rates.

Sv=Srav- 3 rmv scalar form of angular
ou in momentum equation
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Radial-Flow Devices

Radial-flow devices: Many rotary-flow devices such as centrifugal pumps and
fans involve flow in the radial direction normal to the axis of rotation.

Axial-flow devices are easily analyzed using the linear momentum equation.

Radial-flow devices involve large changes in angular momentum of the fluid
and are best analyzed with the help of the angular momentum equation.

Casing
b, -

Impeller
shroud

[ |
hun 0

[mpeller
blade

Scroll
Side view Frontal view

Eye

Side and frontal views of a typical centrifugal pump.

88



The conservation of mass equation for steady incompressible flow
'L;*'] = b"z =V — 2mrb)V, ,, = 2mrby)V; ,
vV vV

Vi, = and Vo, =
T 2 by 2% 2

b,

dDM= D rmV— 2””1; angular momentum

out in equatlon
_ o ~ Euler’s turbine
[ipare = m(rnVo , — Vi)
formula
Tyun = m(r;Vosin a, — 1V, sin «)
When V, , = wr, V,, = wr,
\\‘n Tahait ideal — ,r”m{,r 27 ‘F.%}
/ \‘
I . a
[ : H{h aft {UTR]mﬂ o 2fTH—[qf-.]Mﬂ w = 2mn
\ I
\ !
/
r

/ An annular control
volume that encloses
the impeller section of
a centrifugal pump.
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Example:

Water is flowing through a 12-cm-diameter pipe that
consists of a 3-m-long vertical and 2-m-long horizontal sec-
tion with a 90° elbow at the exit to force the water to be dis-
charged downward, as shown in Fig. P6-47. in the vertical
direction. Water discharges to atmospheric air at a velocity of
4 m/s, and the mass of the pipe section when filled with
water is 15 kg per meter length. Determine the moment act-
ing at the intersection of the vertical and horizontal sections
of the pipe (point A). What would your answer be if the flow
were discharged upward instead of downward?

P

m

12 cm

L
l 4 mfs



Example:

A large lawn sprinkler with four identical arms is to be converted into a tur-
bine to generate electric power by attaching a generator to its rotating head,
as shown in Fig. 6-38. Water enters the sprinkler from the base along the
axis of rotation at a rate of 20 L/s and leaves the nozzles in the tangential
direction. The sprinkler rotates at a rate of 300 rpm in a horizontal plane.
The diameter of each jet is 1 cm, and the normal distance between the axis
of rotation and the center of each nozzle is 0.6 m. Estimate the electric
power produced.
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